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ABSTRACT

This work reviews the background concepts of the Block Schaeffer’s fixed point iteration for- mula, states
and proves its associated theorems before applying the method in the solution of a given system of linear
equation, the aim of which is to computationally confirm that the traditional Block Schaeffer’s iteration
formula is strongly Pseudo-contractive on convergence. Again this research seeks to computationally
reaffirm that the choice of any initial guess closer to the solution for an iteration formula converges faster
to the solution. The obviousness of this is reflected in the main result highlighted in our computation which
showed that a slight ad- justment in the initial guess becoming X *=x 0+x 0 10-1;x 04 0 produces
faster convergence automatically, no matter how close x 0 is to the solution, xx.

Keywords: Banach Space, System of Linear Equations, Fixed Point, Strong Pseudo-contraction, lterative
Method.

INTRODUCTION

Given a vector space, X a norm on X is a real valued function . such that for all vector
XeEX

Q) x >0, x =0ifandonlyifx=0
(i)  Ax =[] x ,  Aarbitrary scaler
@) x+y <x +y ,VxyeX

A normed space [1, 5, 10, 15] is a vector space X with a norm . defined on it. A complete normed space
X 1s called a Banach space and in such X, every Cauchy sequence such that xn—xm — 0asm,n — o
is a convergent sequence i.e. 3 X € X such that xn—x — 0asn — oo.
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1.1: Definition 1

(2, 6, 11, 16). Let (X, || .|| ) be a Banach space and let T : X — X be Lipschitzian that is there exists a
constant K > 0 where K is Lipschitz constant such that

Then such a Lipschitz constant K less than 1(K < 1) is called a contraction and expansive if
K>1

Theorem 1. (BCMP,3, 7, 12, 17). Let (X, |.|| ), X = @ be a Banach space and T : X — X a contraction on
X. Then T has a unique fixed point

1.2: Definition 2

(4, 8,9, 13, 14, 18, 19). Let X be a normed linear vector space. If T : X — X be a map such that Tx = x,
x € X. Then x is a fixed point of the set X provided

xn+1 = Txn; (n > 0) 1)
Main results on the block schaeffer’s iterative formula

A fixed point map is said to be strongly pseudo-contractive in a linear Banach space with the transformed
matrix operator Ax = B resulting in x = Tx = Ax + B so that we have

l(1-rr+rAall >1
Whenever
Ix1 —x2|| (1-1)(x]—x2)—rt(T (x1) — T (x2)) |
=[l(1 +1) x1 —x2) — rtA (x1 = x2) ||
=la+n1-rall x1 —x21x1 —x2ll

The above informs our definitions and results on the Block Schaeffer’s block fixed point iteration method
as presented below.

1.3: Definition 3. The traditional one step Banach’s iteration method is called the k-block, r-point block
formula if it assumes the form of a matrix of finite difference equation of the type

= >
xin =  AXin— +Hh BFin-1 (2)
j=1 i=0
where Xn = (Xn, Xn-1, ..., Xn-r+1) Fn = (Xn, Xn-1, ..., Xn-r+1) A’s and B’s properly chosen r x r (0,
1,2 ..., n) representing the nth block and r the proposed block size. In view of the above, the iteration

procedure (1) and (2) are from henceforth rewritten in block form as
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Xi, n+l1 = 7_Xi,n (3)

Xin+l = (1 — Ai,n)Xi,n + /\i,ng(xi,n);' (4)

> >

OSAi,n<1, A.i,n=1an£|n A

1=1 1I=1

with the set of initial guess as x° = (X1, Xi2, ..., x;n) Where the following results with top bars on
them convey the same meaning as ifi this very definition

Theorem 2. (The Block Schaeffer’s iterative method). Let the linear fixed point problem A x = B be well
defined in the Banach space (X, ||.|| ) such that the transformed matrix A is diagonal dominant and

X=Tx=Ax+B, x€X
If T is a strongly pseudo contractive map, then for x o = (x°, X%, ..., x°) the iterative method

“ne1= 1—An Xn+Ang (Xn);0<An<1, Y An=1, and A, < oo converges to a unique

n=1 n=1
fixed point.
Proof. We know that if X is a fixed point for F (x ), then
X=F(X)=AXx +B
and if F (x ) is continuous and Lipschitzian, then
%1 — %2 < [[(1+7) ()1 — X2) — FHF (1) — F (%)
=1 +r) (%1 —%2) — rtA(x1 — X2 ||
=[x +r) 1 —rtAl(x1 —x2)|
=@ +r) 1 —rtAl][(x: —x2)| = %1 — %2

If(L+r ) | —r tA > 1, the map or the system of linear equations is strongly pseudo contractive
then the Block Schaeffer’s iterative method, X i,n+1=1-X i,nx i,n+A i,ng (X i,n);0

i, <1, " =1 and - i <o becomes suitable for the solution of such system of linear

= n=1 n=1 equations, and we now show that x n+1 converges to a unique

' ' ' fixed point *. First we know that the sequence {x n} is Cauchy

in (X, Il. 11 and X is complete, hence {x n} converges to a point in X as shown below. Let X n — X *as

n — oo. Since F is a strongly pseudo-contraction it follows from the above, that Fn (x ) — F (x ) asn

— oo but F (X n) =x n+1 so that

Xn+1 = F (Xn) = F (X*)
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and so hence, we prove that F has a unique fixed point in (X, [l-[1). We lassume that, suppose for
contradiction there exists x 1, x2 € X suchthat F (x 1) =x 1, F (x 2) =x 2 so that

%1 — %2 < @ +r) (%1 —%2) — Ft(F (x1) — F (%))
=[|@+r)(X1 —x2) —rtA(X1 —X2)|| = [[[A+1)+rtA] (X1 —X2)|
=@ +r) —rtAl|x1 — X2 = [x1 — X2

and

[(L+r)1 —rtA >1

which is strongly a pseudo-contraction and hence X * =X =, meaning that
1 2

Xin+1 = l—ﬁ_n i‘.«'n+ing {&&J,
_ oo o

0=A,<1  A,=1and " .Fl:n‘ < 20 has a unique fixed point.
n=1 n=1

Conclusively, it is sufficient to prove that if we have

_ _ _ = _ >
Xints1=1—A, Xin+Apng (Xin);0<A,<1 A,=1and A2 <o (5)
for the solution of the system
Ax =b, x ER" (6)
which we transform to
X=AX +b (7)

and then define g (x ) = Ax + b, so that there exists a constant a > 0 such that for every x
X(I —f)x — cxx

Then (6) as well as (7) has a unique solution x * and the iteration process generated from any

X 0 € Xnbyx i,n+l1 =1 (x i,n+g (X i,n)) convergesto x * provided thating (X )=Ax + b

>
laijl =>a=1, 1<i<n 1<j<n

i=1 j=1

Hence the proof.
O

Remark: The above theorem is a reformulation of the following; Let the Block Schaeffer’s iteration
formula be such that g is strongly pseudo-contractive and

(1-9)

is accretive for x ~'AX — O r implying that A is positive semi-definite for x/= 0, X € H, a
Hilbert space or if A is positive definite, then x ~*Ax > 0 for X € H such that ¥'= 0.
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Hence such an A can be strictly monotony or accretive only when ~~tAx — Cx! for some
constant ¢ > 0 provided g = (I — A) is strongly accretive.

Theorem 3. Let the system of linear equations

AX =b forx, bER, A€ M,(R") (8)
be given and the transformed system becomes
X=AX +B (9)
if there exists a constant ¢ > 0 such that vx
Xt (Il —g)x — cx'x

Then (8) as well as (9) above has unique fixed solution X = and the iteration process generated
from any x 0 € Rn by the Block Schaeffer’s iteration process

Xins1=1—Ap Xin+Ang (Xin),n =0
_ o _ ‘oo
0=A,<1  A,=1and

n=1 n=1

2 _
A <00 converges strongly to X * |

Proof. letx=g(x) =Ax + Bsothat H=R"and A an n > n matrix we show that

lA—r)—rtA| >1

But,
[@+r)(x +y) —ritlg(x) —g ()l
=1 —r)(x+y) —rtA(x —y]
=[x — ) — Al (x +y ) |
=l@—r)=rtllx—yll=lx—yl

If [[(1+r )] —r t| > 1then the iteration process is strongly pseudo-contractive provided

_ > >
0=A,<1 A,=Land Af <

=1 n=1

-

1

Theorem 4. Given the linear fixed point problem F = AX +B awhich is well defined in (X, |
and the transformed matrix A, diagonal dominant with

X=FX=Ax +B xcX
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Then for F a strongly pseudo-contractive iterative method of solution ~; n+1 =1 — A, Xin +Ang
(Xi,n) ;0<An<1, An =1, and A, < oo There exists a better initial guess

which produces a faster convergent solution than the original initial guess x 0=(x1,x2. .. xn)

does no matter how close 1is the initial guess to the solution. o0 0

Proof. Let
F(X)=Ax —B=0

If x 1 is the fixed point of F (x ) = Ax — B, thenfor x® = (x% x% ..., x%)

1 2 n
X1 =F(x0) =X
AlsoifXp—m = x""",x"-M, ..., x"-™ is a fixed pointfor F(x) =Ax — B=0 then

1 2 n

Xn—-m = F()_(n—m—l) =X

By induction we assume that for x " = (x", x", ..., x"),

1 2 n
F(x)=Ax —B=0

Sothatx , = F (x,-1) = X is again a fixed point. Hence,

- n
forxp+1 = x™L, x™1, .., X5

Xn+1 =F (X) =Xx

also a fixed point for
F(x)=Ax —B=0

But we know that fixed points for any given problem is unique, hence,
X1 — Xn-m =Xn = Xn+1

But by iteration x ;,1 is far behind x i,n—m far behind x i,n behind x i,n+1. Therefore,

Xi1 C...CXin-m C...C Xin C... CXin+1

Where X™i,1 — X, Xin-m — X, Xi,n — X and X;,n+1 — X IS unigque implies that fixed point X is

unique. If x;, ,—m — X With the initial guess
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X* =Xo +£Xo 10*
0
and
)_(n—m - )_(n+1

Then Xin-m = X with X * =X o + X o0 10-! ;X /= Ohas a faster convergence than Xi.n+1 = X
with x; 0 = (x% X% ..., x%).iMence, the proof. =

1 2 n

COMPUTATIONAL EXPERIMENT
3.1 Experiment

Illustrate the claim of the above result by using the Traditional Block Schaeffer’s iteration formula
on the given system of linear equations below with initial guess (0, 0, 0).

3x+5y+6z2=8

X+7y+2z=18

2x—-3y+3z=1
Solution. Observe that the system is not diagonal dominant but can be made so by applying the
rule that will ensure that the law of maximum norm is satisfied. If that is done, then the above
system of linear equation transformed into the following system of linear equations.

4x +2y—-3z2=9
X+7y—-2z=18
2x+ 5y -6z2=8

Hence the transformed system of linear equations is rewritten as below so that by applying the
Traditional Block Schaeffer’s fixed point iteration formula; xn+1 = (1 — An) Xan + Ang (Xn) : 0 <
An < 1 the computation of the iteration process is initiated as below

h i
x(M = 225 — 0.5x(M — 0,75x("-1) A

1 2 3 n .

h i
x™ = 2571428571 — 0.142857142x™ — 2.85714285x("-1) 4
2 1 3 n

h i
x8 = —1.333333333 + 0.333333333x™ — 0.833333333x™V jn

And the following tables of results are generated by applying the python programming computer
source codes of below.
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Table 1: Computational Result Output for the Traditional Block Schaeffer’s Fixed Point Iteration
Formula with the Initial Guess (0, 0, 0)

T =)

4
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1 s
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Now, we see and conclude that the above given system of equations when solved with the tra-
ditional Block Schaeffer’s iteration formula converges at

Xn+1 = X230 = X * = 2.249999999999, 2.569999999999, —1.330000000000). but that the conver-
gence becomes faster if the initial guess becomes re-adjusted by x A,B =x 0+ 10-1.
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