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ABSTRACT

In this paper, we have reviewed and presented the results of the fractional order differential field equation
for a Bianchi type-11 (LRS) space-time with a perfect fluid assuming a variable cosmological constant A.
In order to substitute Einstein’s field equations for a certain configuration with equivalent fractional field
equations, we used the Last Step Modification (LSM) method. Further applied Riemann-Liouville
fractional order derivative assuming lower terminal at 0 to obtain all physical properties of the developed
model along with their graphical representation.
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INTRODUCTION

The universe is observed to be homogeneous and isotropic on large scales, but spatially homogeneous and
anisotropic models are important for probing early-universe conditions, explaining the origin of isotropy,
and examining possible deviations from the standard ACDM scenario. Such models have been extensively
investigated within the framework of general relativity in the quest for an accurate representation of the
early universe. Numerous dynamical spatially homogenous and anisotropic dark energy (DE) models of
the Bianchi type models have been proposed in literature by different authors, both in GR and in modified
theories of gravity. A dynamically anisotropic equation of state (EoS) parameter and a dynamical energy
density in general relativity (GR) were used by Akarsu et al. [ 1] to obtain the anisotropy parameter’s general
form for the expansion of Bianchi type-111 metric in the presence of a single imperfect fluid. They
discovered that an accelerated expansion time period isotropizes both the anisotropy of the fluid and the
expansion anisotropy. A host of authors have investigated spatially homogeneous and anisotropic DE
models both in general relativity and in modified theories of gravitation (See [2], [3], [4]).

In the context of the gauge theory of gravity, Cervero [6] showed that a time-dependent cosmological
constant emerges quite naturally as a result of Weyl conformal symmetry being broken by quantum
processes. Which was a huge motivation to the researchers to use time-dependent cosmological constant.
The Bianchi Type-1I model’s compatibility with a decay law for cosmological terms that was assumed to
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be proportional to a“/a was examined by Pradhan et al. [7]. Further Tiwari et al. [8] studied Bianchi type-
Il (LRS) space-time with a perfect fluid and a changeable cosmological constant. In order to solve the
Einstein field equations, they assumed that the cosmological term A was proportional to R—m where m
being a constant and R represents the scale factor. Similarly time-dependent gravitational and cosmological
constants on Bianchi Type space — times investigated by several re-searchers assuming different conditions
[9], [10], [11], [12], and [13].

In a variety of applications, fractional calculus has shown to accurately explain non-local space-time
effects. Since there are numerous proposals to carry out the necessary generalisations, the incorporation of
fractional derivatives in gravity is a challenging task. From the perspective of pure mathematics, fractional
derivatives must be in the form of result in a fractional geometry such that the definitions of all the
geometric components of general relativity, such as the connection, the Riemann tensor, the covariant
derivative, and the metric, are presented in form of a fractional derivative. This method is called the First
Step Modification (FSM). Modifying the Hilbert-Einstein field equations for a particular geometry by
substituting the covariant derivative order by its equivalent fractional derivative,

without delving further into the process of how such an equation can be created, is a more practical and
straightforward approach. This method is frequently referred to as a Last Step Modification (LSM). These
two approaches were firstly introduced by Mark D. Roberts [14] in 2009.In the first approach the time
derivative in the Friedman equation is replaced with a fractional time derivative using the Riemann-
Liouville fractional derivative assuming lower terminal at 0. The Fractional Friedman Dynamical
Equations developed by El-Nabulsi Ahmad Rami [15] in static universe. Although he was unable to solve
the equations but his effort arise so many questions which attract the researchers to explore more. Standard
Friedmann and scalar field equations including fractional derivatives of the scale factor were developed by
V. K. Shchigolev [16]. He proposed several precise answers to those fractional cosmological model
equations and also arise a question that “in what degree the ideas of the fractional differential calculus are
productive in cosmology”. He himself tried to find those unsolved questions by his work in [17], [18] and
presented some solutions of time fractional cosmologies with different values of fractional parameter. The
application of both techniques to gravity has recently been investigated at both the classical and cosmic
levels. Formulating a variational principle for a fractional order action is a main strategy. Since a fractional
variational theory is sufficiently generic for applications in other scientific fields, the scientific community,
not just that of the gravitational region, is very interested in this latter approach. (see [19], [20] and [21].
Including the most recent work in 2021, V. K. Shchigolev [22] investigated fractional differential approach
in cosmology in the frame of the accurate models of accelerated cosmological expansion. He described
cosmological models of a scalar field with fractional derivatives, and Ernesto Barrientos et al. [23]
presented an experimental model to extend the Friedmann equations with fractional derivatives by applying
the Last Step Modification technique.

METHODOLOGY

The solution to optimal control problems involves the derivation of the optimal control characterization
and the use of the forward and backward sweep for the state and control trajectories respectively!®l. By the
Pontryagin’s maximum, the optimal control can be analytically derived by the optimality condition while
the state and control variables can be derived numerically using the Runge-Kutta of order six subject to the
adjoint and transversality conditionsl*?). In this brief review, we have presented a locally rotationally
symmetrical Bianchi Type 1l cosmological model fractional differential with a perfect fluid and a variable
cosmological constant A. We have selected to investigate the Bianchi type-Il model that is locally
rotationally symmetric and also evaluated the important features of the model. We have started with the
assumption that the component of the shear tensor i is proportional to the expansion scalar 6. Then applied
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the Last Step Modification (LSM) method, which substitutes similar fractional field equations for
Einstein’s field equations for a given configuration. In other words, §: — D* after the field equations for a
specific geometry have been derived. Further applied Riemann-Liouville fractional derivative with lower
terminal at O, after correcting a typo [24] (see page 310) is

Datm= TI'(m+1) tm—a
t I'm+1—0a)

The current manuscript is the revised version of our preprint [25]. The range of fractional parameters where
the model demonstrates its existence and non-existence is included and the conclusion and discussion
sections have been altered accordingly. Even if the physical relevance of this conclusion is currently
unknown, it could potentially be useful for future research on fractional cosmologies.

Field Equation and Solution
We consider the metric for Bianchi type-I11 Cosmological Model given by:
(ds)? = nio'd), 1)

where n; = diag(-1, 1, 1, 1) and oi are given as o° = dt, o' = A(t)w?, 02 = B(t)w?, 0> = B(t)w?, Where A(t), B(t) are
metric functions and wi is defined as:

wl=dy+xdz, w?=dz, w3=dx,

energy momentum tensor
Tij = (p + p)vivi + pgij,

choosen vivi = -1, p = wp, 0 = w = 1. Einstein’s Field Equation with time-dependent A with
8nG=c=1 are

Rij = SRwgi = —Tij = A(t)gy
Gives

AB B2 42

4B B am P @
B B2 34
5Tm am T PN @

4 B AB 42

e — — ——p—A 4
4 B 4B amp+_ F ()

Average seale factor

a(r) = (4B?)7 (5)
Hubble parameter
n = (6)
a a
Deceleration parameter
lo=—% @)
al
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Energy conservation equation _j',l'ij =0 leads to

B 4% .
pHp+p) 2+ +A =0
B A

By assuming shear tensor oi proportional to expansion scalar ¢ we have

A=B"
where n is a constant. Now introducing fractional derivatives

B =(IyB)

0 5 = [D<D7B)]

Here we have choosen B as a function of t so let us assume

B = Bot™
then
B =|D*B ™| = Tim—+ e -
E 1)
r 0 °Cim+1—a)
:§==ljﬂ;§@3 ) = LCim+ =2
1)

& 0 OC(m+ 1 —2a)

Now equation (3) and (4)

from equation (9), we have

A B
—_ = —
A B
and
A B ng* az nB Rz
- =n— - +—=——nl{l-nl—
A B BT A2 al ) 52

Using equation (12) in equation (11), we get

1 —{ ot rmn—2 )
Bn = D=—20 ez

using Bo, B becomes
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—_a =

B = [ =30 fo-z (14}
A= B_ = Dﬂ'l—ﬂf-::.: '[15-}
where
( )
D= {1 —n_|F!m+1ﬁ+ (1 —n3(r(m + 1))?
Lim +1 - 2a) (rim + 1 - a))?
metric (1) reduces to
- %  —dia T = El ]
ds =—dt + D=2t a2 (dy+xdzl + De-= o= [dx +dz) (18]
Now average scale tensor
P S— i3l 1
o= (AR )z = [Dat-at o2 |3 (17)

Using the above results, the Hubble parameter, Deceleration parameter, Energy density, Pressure
and the Cosmological constant are given as

H:r:r' :_a{n+2}t_1 (18)
a “3in-32)
., _ )]
q = - irn—zl +1 [19}
aln + 2)
1 ¢ 2 2| 1}! D )
= —— =g oo~ -2 =i —Zax
i 1+ w n—2 n— 27 ¢ +2t (20]
( 2 2 2[ '_'L}I o }
- N E— | aesn — -2 Di—2a
? 1+w n-—2 [m— 2)° + . {21)
( !
_ 3+t uw _ 1 —2a 2ailn — 1) (2n + 1)a® _
M= — D im _ =t ]
A1 + ) - l+w) n—2 (n—2)2 [n—2)* (22}

RESULT AND DISCUSSION

In this paper we have presented few main results of studies on Bianchi type Il cosmological model
with fractional derivatives and found that they satisfy the general theory of gravitation. The
deceleration parameter is found as a constant but function of fractional coefficient, which shown by
the table below:

o 0 2 4 6 8 1
g at n=1 °o 4 15 0.666 0.25 0
g at n=2 -1 1 -1 -1 -1 -1
g at n=3 -0 14 -2.5 -2 -1.75 -1.6
g at n=10 -0 1111 -6 -4.3333 -3.5 -3
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g at n=20 -0 |-13.2727 -7.1363 -5.0909 -4.0681 -3.4545

g at n=30 -0 114,125 -1.5625 -5.375 -4.2812 -3.625

(@ Fig 1 (b) Fig 1

Figure 1: Graph between Deceleration parameter (q) with fractional parameter () at n=1, 2, 3
and 10, 20, 30.
From the figure 1, we can conclude that
For n < 2 ((a)Fig.1), the classical model (a = 1) shows expanding behaviour with constant rate
but as o — 0, the universe shows decelerating expansion.
For n = 2 ((a)Fig.1), universe shows constant expansion unaffected by the value of «.

For n > 2 ((a and b)Fig.1), universe is expanding at super exponential rate as a — 0.

Hubble Pararr

Cosmic Time t Cosmic Time t

(éj Fig 2 7 kb) Fig 2

Figure 2: Graph between Hubble parameter (H) and cosmic time (t) atn <2 and n > 3

Part (a) of Figure 2 shows that as t — 0, then H — « i.e. at the time of big bang expansion rate
is very large, for evolution during the time it decreases with time and converges to a constant value.
Part

(b) Fig 2 shows the same behaviour that it gives the time would take rewind the universe
backwards to the Big Bang assuming that the Hubble constant has been constant throughout the
existence of the universe. Again both the parts of Figure 2 show that the behaviour of Hubble
parameter is unaffected from fractional parameter.

The equation of state (EOS) parameter is one of the possible sources driving the cosmic expansion
and generally given by a dimensionless integer that represents the relationship between a fluid’s
pressure and energy density for a perfect fluid defined as p = wp, where 0 < w < 1. Here we have
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discussed few cases as follows:

CASE 1 For stiff fluid dominated universe i,e when ® = 1

— a=0 J
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(a) Fig 3 Between p and t (b) Fig 3 Between p and t

Figure 3: Graph of energy density and fluid pressure with respect to cosmic time (t) at n = 1.5
andm = 0.5

a=0 3 — a=0

. — a=02 i — =02
<1 — a=04 I — a=04
— a=06 | — a=08
1 — a=048 1} —a=08
[ — a=1 4 —a=1
o 0 — 0

2t v 2L @

[N}

Density [
Pressure p

w
w

4 4]
5 10 15 20 0 2 4 6 8 0
Cosmic Time t Cosmic Time t
(a) Fig 4 Between p and t (b) Fig 4 Between p and t

Figure 4: Graph of energy density and fluid pressure with respect to cosmic time (t) at n = 2.5
andm=0.5

In this case we can see ((a)Fig-3) that for n < 2, the model exist only when the fraction parameter
lies between 0.6 = a < 1, and for 0 < o < 0.6, model shows nonexistence. Similarly for n >
2 ((a)Fig-4), the range of fractional parameter reduces to 0.8 < a < 1, otherwise model shows

nonexistence.

CASE 2 For Dust fluid dominated universe 1,e when o = 0

In the case of dust fluid the range of fraction parameter lies between 0.6 <o < 1 for n < 2 and

0.8 =a < 1 for n > 2, otherwise model shows nonexistence.
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Figure 5: Graph of energy density and fluid pressure with respect to cosmic time (t) at n = 1.5
andm = 0.5
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Figure 6: Graph of energy density and fluid pressure with respect to cosmic time (t) at n = 2.5
andm = 0.5

CASE 3 For radiationi.e w=—1,atn=1.5and m=0.5
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Figure 7: Graph of energy density and fluid pressure with respect to cosmic time (t) at n = 1.5
andm=0.5
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Figure 8: Graph of energy density and fluid pressure with respect to cosmic time (t) at n = 2.5
andm = 0.5

CONCLUSION

This leads us to the conclusion that the model is only valid when the fraction parameter is between
0.6 =a < 1, and and that the model is nonexistent for other values. It is also unaffected by
the E0S parameter’s value. This may play an important role in choosing the fractional parameter
for the existence of the assumed model. The cosmological constant is in quadratic form, which
shows that the cosmological term is decreasing function of time. Thus, the model represents
shearing and nonrotating universe.
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