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ABSTRACT

Hybrid nanofluids represent a new class of materials engineered by suspending multiple nanoparticle types
within a base liquid. These fluids offer advanced thermal performance, making them highly valuable for
cooling nuclear reactors and improving manufacturing equipment. Their relevance extends into medicine,
too. Researchers explore them for drug delivery, cancer therapy, nanoscale surgery, and even biomedical
imaging. This project focuses on the motion of a hydromagnetic hybrid nanofluid composed of FeO and
Fe:20s particles suspended in human blood. To study the system, I first transform the governing nonlinear
equations and boundary conditions into dimensionless form using similarity techniques. The resulting
equations are then solved numerically with the Runge-Kutta-Gill scheme. MATLAB’s bvp4c solver is then
employed to simulate how parameters influence velocity, skin friction, and heat transfer rate.

Keywords: Hybrid nanofluid; FeO—Fe.Os nanoparticles; Human blood; Hydromagnetic flow; Heat
transfer; MHD; Runge—Kutta—-Gill method; MATLAB bvp4c; Skin friction; Biomedical applications.

INTRODUCTION

1.1 The Background of the study

Hydromagnetic merges "hydro™ (fluid motion) with "magnetic” (the role of a magnetic field). This field
traces back to Alfvén (1942), who pioneered the study of conducting fluids interacting with magnetic
forces. He called it magnetohydrodynamics (MHD), though people also call it hydromagnetics or
magnetofluid dynamics. Today, MHD is a huge part of fluid mechanics. It is used everywhere from power
systems and bioreactors to electromagnetic pumps.

Fluids are basically any substances that keep changing shape when you apply a sideways force, or shear
stress. This category spans liquids, vapors, and ionized gases alike. Flowing matter generally splits into
two types: Newtonian and non-Newtonian. Newtonian fluids feature a direct, linear relationship between
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shear stress and strain rate. Common examples of these linear-viscosity fluids include water, air, gasoline,
and oil.

Conversely, non-Newtonian fluids exhibit a non-linear viscosity where shear stress and strain rate lack a
directly proportional relationship. A classic case is blood, which undergoes shear-thinning, meaning its
viscosity drops as the shear rate increases. A classic case is blood, which undergoes shear-thinning,
meaning its viscosity drops as the shear rate increases. These fluids are critical across numerous practical
domains, from food manufacturing and heavy oil lubrication to biological processes like plasma circulation
and chyme movement through the intestines. Krishnamurthy et al. (2016) classify them into distinct
categories, ranging from saline solutions to liquid metals like molten iron and gallium, as well as the solar
atmosphere's electrically charged gases.

Nanofluids consist of nanoscale particles suspended inside a base liquid like water, oil, or ethylene glycol.
These solid particles, measuring between 1 and 100 nanometers, include metals (iron, silver, copper), metal
oxides, or carbon structures (graphene, nanotubes). This combination alters the host fluid's thermal and
hydraulic behavior, significantly boosting heat transfer for engineering uses. While past literature has
thoroughly examined single-component nanofluids, this specific study builds on that groundwork to
evaluate the performance of a newly developed hybrid nanofluid.

Nanofluids are a lifesaver for heat management, making them incredibly useful in engineering. They tackle
extreme temperatures in nuclear reactors and heavy electronics, while also upgrading every day cooling in
car engines and medical equipment. Because they work so well, scientists naturally wondered if they could
design a fluid that conducts heat even better. To figure this out, researchers tested all kinds of ways to
upgrade nanofluid performance. Eventually, Suresh et al. (2011) came up with a brand-new category called
"hybrid nanofluids," which opened up a completely new path for fluid research.

This research area built its foundation on a wave of early studies, notably by Hayat and Nadeem (2017)
and Subhani and Nadeem (2018). Later work by groups like Sheikholeslami et al. (2019) and Othman et
al. (2021) expanded on this, showing how hybrid nanofluids could optimize energy systems. Across the
board, the consensus is clear: these fluids boost heat transfer while cutting down industrial energy demands.
To back this up with our own data, we ran a series of targeted experiments. Our trials confirmed that the
hybrid nanofluid easily outperforms conventional fluids in both thermal and electrical tests. However, these
engineering wins come with a catch. When these fluids are used in biomedical settings, the human body
often treats the nanoparticles as foreign invaders, which can trigger toxic reactions in healthy cells.

Data established by Kameswaran et al. (2016) reveals that a higher amplitude-to-wavelength ratio yields
an enhanced average Nusselt number in non-Darcy nanofluid flow over vertical wavy surfaces. This effect
operates under the simultaneous influences of thermal stratification, convective boundary conditions, and
the non-linear Boussinesq approximation. Applying these thermal trends to targeted cancer therapies
provides the foundation for our current work: modeling the behavior of hydromagnetic hybrid nanofluids
using FeO and Fe:0s in a human blood base to quantify exactly how specific parameters modify flow
dynamics, heat transfer rates, and skin friction.

1.2 Statement of the Problem

The study of hybrid nanofluid flow serves as a natural extension of non-Newtonian fluid dynamics,
focusing on how multi-nanoparticle suspensions behave within a host liquid. Assuming the flow is steady
and incompressible, these fluids unlock unique physical traits, namely an elevated surface area and
superior thermal conductivity, that are perfect for biomedical systems. Clinically, localized cancer
therapies frequently use external magnetic fields to guide magnetic nanoparticles (such as FeO and
Fe20s) directly to tumors. Microfluidic computational simulations provide the best window into how
these magnetohydrodynamic (MHD) hybrid fluids move under magnetic influence. Literature indicates
that injecting these hybrid particles into human blood boosts its magnetic susceptibility, drastically
sharpening the precision of magnetic targeting. Beyond positioning, these fluids modify basic blood flow
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dynamics, which can optimize the delivery of therapeutic drugs directly into cancer cells. Although
previous work heavily documents MHD fluids as excellent thermal coolants with superior critical heat
flux, we need to better understand their energy behavior in biological pathways. To resolve this, our study
models an FeO and Fe:Os blend inside a human blood base to solely analyze the impact of MHD hybrid
nanofluid flow on energy dissipation during cancer therapy.

1.3The Justification for the Study

While a vast body of literature focuses on standard non-Newtonian models like Casson fluids, airflows, or
conventional single-component nanofluids, these studies usually target aerodynamic or industrial scenarios,
such as airflow over sharp geometries like car bonnets or bullet tips. Consequently, the specific behavior
of an FeO and Fe.Os nanoparticle suspension within actual human blood remains unexplored. This study
bridges that distinct gap by pivoting directly toward clinical cancer therapies using a
magnetohydrodynamic (MHD) framework. Utilizing the Runge—Kutta—Gill method for our simulations,
we evaluate precisely how this specific hybrid blend alters velocity, thermal energy transfer, and skin
friction. This specialized focus not only expands the practical reach of computational fluid dynamics but
also provides critical insights into the clinical potential of hybrid nanofluids.

1.4 Objectives of the Study
1.5 1.4.1 General Objectives

This study aims to analyze the hydromagnetic flow of hybrid nanofluids in human blood, with particular
emphasis on suspensions containing FeO and Fe.Os nanoparticles.

1.4.2 Specific Objectives

1. To develop the governing equations that describe the flow behavior of hybrid nanofluids.

2. To transform the control equations into dimensionless form and adapt the boundary conditions,
thereby reducing the PDE system to ODEs.

3. To systematically analyze how key fluid parameters, influence the resulting velocity profiles,
temperature distributions, and skin friction coefficients.

1.6 The Relevance of the Research

While hybrid nanofluids are incredibly versatile, this project focuses its clinical relevance squarely on
advancing cancer therapy. Unpacking the complex physics of iron-based nanoparticle suspensions in the
human bloodstream is a critical step toward safer drug delivery systems. The data generated here offers a
clearer look at how to magnetically navigate therapeutic agents directly to a patient's tumor site. Ultimately,
this helps refine targeting precision, ensuring that chemotherapy drugs hit their exact malignant target
instead of circulating freely and damaging healthy cells.

LITERATURE REVIEW

2.1 Background Review

The intersection of magnetohydrodynamic (MHD) flow and blood-based hybrid nanofluids provides
critical insights for advancing modern cancer therapies. This microfluidic approach is particularly
promising for real-world medical applications because it addresses two major clinical hurdles: pinpointing
tumor locations and optimizing localized drug delivery. This imaging and targeting capability build on
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earlier work by Wang et al. (2014), who evaluated the properties of iron oxide nanoparticles as active MRI
contrast agents in cancer diagnosis. That research confirmed that iron oxide components possess the precise
tracking capabilities needed to identify cancer cells while actively monitoring how a tumor responds to
treatment over time.

Practical applications of these nanomaterials rely on a careful balance between drug delivery performance
and biological safety. For instance, data from Han et al. (2016) reveals that combining iron oxide
nanoparticles with chemotherapy agents yields far greater cancer cell destruction and smaller tumor
volumes than traditional drug delivery alone. This targeted destruction works because, as Wu et al. (2017)
observed in their delivery system trials, the nanoparticles effectively chaperone the medication directly into
the cancer cells to induce apoptosis. Addressing the vital question of patient safety, biocompatibility
assessments by Liu et al. (2018) verified that introducing iron (1) oxide and iron (I11) oxide particles into
human blood does not trigger toxic or dangerous systemic side effects, validating the current clinical push
for these hybrid designs.

Looking closely at how these materials were made, the literature details several core fabrication routes,
including co-precipitation, thermal decomposition, sol-gel processing, and hydrothermal techniques. Sun
et al. (2018) broke down this technical data on design strategies, production methods, and medical uses,
establishing their overview as an essential reference for researchers in this field. Moving from production
to clinical application, a 2017 study in Nano Medicine: Nanotechnology, Biology, and Medicine
highlighted the practical use of iron oxide nanoparticles for pancreatic cancer hyperthermia treatments. To
overcome the common issue of vascular instability, that study detailed how applying a polyethylene glycol
coating protected the particles in the bloodstream and maximized their localized therapeutic output.

Preceding literature confirms the viability of these magnetic targeting mechanisms through targeted animal
testing. Specifically, when iron oxide nanoparticles were injected into mice with pancreatic tumors, the
application of an external magnetic field effectively cause a rise in the temperature of both the particles
and the targeted tissue. Utilizing the nanoparticles for hyperthermia therapy this way led to a substantial
decrease in tumor dimensions. The research conducted by Shakil et al. (The authors (2019) studied FeO
and Fe203 nanoparticle-based hybrid nano fluids because they showed promise for cancer cell
hyperthermia therapy applications. The research demonstrated that nano fluids produced heat when
exposed to an external magnetic field which caused cancer cell temperatures to rise significantly until they
died. The research established that hybrid nano fluids show promising potential for medical applications
which include cancer treatment.

Kumar et al. (2020) examined the magnetohydrodynamic (MHD) flow and thermal dissipation behavior of
a hybrid nanofluid within a lid driven cavity under the influence of a magnetic field, using numerical
simulations. Their results indicated that the rate of heat dissipation increased with stronger magnetic fields
and higher nanoparticle volume fractions. The research conducted by Gireesha et al. (2020) experimentally
investigated the MHD flow and thermal behavior of a hybrid nanofluid in a circular pipe subjected to a
magnetic field. The researchers discovered that nanoparticles when combined with magnetic fields produce
a hybrid nanofluid which enables enhanced heat transfer rates. Research studies about MHD flow of hybrid
nano fluids have used multiple methods which include theoretical approaches and numerical simulations
and experimental testing.

In another study, Jain et al. (The research conducted by (2020) evaluated Fe203 nanoparticles as potential
cancer-fighting agents. The researchers discovered that nanoparticles showed strong cancer cell toxicity
which led to cell death through apoptosis thus making them suitable for medical treatment. The research
proved that Fe203 nano particles showed high biocompatibility making them viable for integration into
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biological systems. The work by Tariq et al. (The research by Khaled and Al-Najem (2021) used numerical
methods to study MHD hybrid nanofluid motion through a rotating channel which received magnetic field
application. The researchers discovered that hybrid nano fluids experience changes in their flow behavior
and heat transfer performance because of the magnetic field presence.

The researchers found that hybrid nano fluids showed higher velocity and temperature gradient values when
magnetic fields were applied. The Lorentz force which acts on charged particles in nano fluids produces
modified fluid flow patterns that produce increased gradient values. The researchers found that the
magnetic field produced an increase in nano fluid heat transfer rates. Ahmad et al. (2021) investigated the
magnetohydrodynamic (MHD) flow of hybrid nanofluids in human blood vessels as part of cancer
treatment research. Through the finite element method, they demonstrated that both magnetic field strength
and nanoparticle volume fraction exert a significant influence on the velocity and temperature distribution
of the nanofluid within the vessels.

By using the finite element method, the researchers were able to create a computational model of the MHD
flow and examine the behavior of the nano fluid under different conditions. The research results show that
blood vessel nano fluid transport strongly depends on both the magnetic field intensity and the quantity of
nanoparticles used. Notably, the researchers observed that stronger magnetic fields and higher nanoparticle
fractions altered the velocity and temperature profiles of the nanofluid. The study further demonstrated that
MHD flow applications could enhance therapeutic agent delivery to cancer cells. Evidence from the
reviewed literature indicates a gap in analyzing hydromagnetic hybrid nanofluid flow with FeO and Fe»Os
suspensions in human blood, which this project aims to address.

METHODOLOGY

3.1 Introduction

In this chapter, the governing equations for fluid flow are presented. These include the transport,
momentum, energy, continuity, and Maxwell’s equations. The analysis is carried out under the following
assumptions.

3.2 Assumptions

To facilitate the mathematical formulation, the study proceeds under the following assumptions:

1. The fluid motion is assumed steady and laminar.

2. The hybrid nanofluid is treated as Newtonian and incompressible.

3. Fluid properties are taken as constant, except for density changes in buoyancy (Boussinesq
approximation).

4. With a small magnetic Reynolds number, the induced magnetic field is neglected.

5. Viscous dissipation and Joule heating effects are negligible

3.3 Model description

The solution to optimal control problems involves the derivation of the optimal control characterization
and the use of the forward and backward sweep for the state and control trajectories respectively!®l. By the
Pontryagin’s maximum, the optimal control can be analytically derived by the optimality condition while
the state and control variables can be derived numerically using the Runge-Kutta of order six subject to the
adjoint and transversality conditions(*l,

The continuity equation for incompressible MHD flow ensures mass conservation and is expressed as:
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V-V=0
and the momentum equation is

p (% + (v. V)v) = —Vp + uV2v + (J X B)where p is the fluid’s Density, t is the Time, v is the Velocity

vector field, representing fluid flow velocity, p is the Pressure of the fluid, J is the Electric current density
vector and the total magnetic field is given by B = BO+b where BO denotes the applied field and b the
induced field. Correspondingly, the Cauchy stress tensor T within the fluid takes the form

t=-pl+(Vv+ (VW)T)

where p is pressure, | is the identity tensor, p is the dynamic viscosity, Vv is the velocity gradient tensor
and T is the time constant.

The individual components that define the extra stress tensor can be expressed as

avi  0vj
(axj 6Xi)

Where i
3.4 Governing Equations.

The flow dynamics are described by the following equations;
du dv
oy 0, (3.3.1)

Since velocity is influenced by thermal radiation, magnetic field, and buoyancy, the governing equations
can be written as;

du du H, 1y 2%u 332
s+ v ==L (140) 524 9B (T - 1) + 9e(C - C.) 32
dx 3y Ppay y/ dy*
rJ'nfBE’.tt
J"Jri_f J
aT  aT 3T Dz dCAT Dy (AT~ nr (U’ 333
Uu_—tv_—=a, ;=17 —B——-I-—T( ) + i (_u) ( )
dx dy dy? ACdydy T, \dy PrfCp \3Y
o, Byu’
p:'z_fcp J
ac ac a*c Dy d°T (33.4)

— +v— =Dy — + ——.
uﬁx-l_vﬂjs Eﬂyz-l_T_xﬂjsz

Governed by limiting conditions
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aT
aty =0: u=U,(x) =ax,v=0, —Icfa— = hy(T,, — T),C = C,,(x), (3.3.6)
¥
asy 2o u—=0T->T,C—C,, (3.3.7)
under which
K:lz_f
@, = , 3.3.8
" s (3.3.8)
_ density specific heat capacity of nanoparticles
- density specific heat capacity of base fluid
(pcp)np
= J (3.1.9)
(Pcp)bf
kb_f
_ knpi + k:zpz—qb(kbf - knpl) {331{]}
knpi + k:sz-l- q5(kbf - knpl)
pn_f
= (1 - ¢]be + "i’ipnpi + ‘f’z.ﬂnpz: (3311)
(pcp)n_f
=(1- qﬁ](pcp)bf + ¢1(pcp)ﬂpl + qaz(pcp)mj (3.3.12)
P":'zf
= (1+8.0¢ + 1309 )y (3.3.13)

3.5 Similarity Variables

The nonlinearity in the governing equations, coupled with the numerous parameters, makes the equations
difficult to solve. The number of parameters can be reduced by parametrizing the equations. Hence,
adopting the similarity variables, the number of parameters can be reduced and the system can be reduced
to ordinary differential equation. Consider the similarity variables

1 1
n=ya2d,?, (3.4.1)
u=axf'(n), (3.4.2)
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1

v = —a2192 L f) (3.4.3)
T —T, = OAT, (3.4.4)
C — C,, = DAC. (3.4.5)

Noting that the similarity variable n is dependent only on y, then the derivative with respect to y is found
as

d 1 _1
% = a76), 2. (3.4.6)

The derivatives of the remaining variables with respect to x are found below. Then,

du ( ) dT dc 0 347
- =7 (axf) = af’, 0, ——=0 (3.4.7)
The derivatives with respect to y are;
du d li dT] _ " 1 _%_ 3 _% "
dy dy( xf') = a —(f )E =axf' X a219bf = a219bfxf . (3.2.8)
dzu d 3 _% " 3 2 d " " 1 _% 29-1 "
d_yz=5 azd, “xf =a219bfxd (f )——aﬁbfxf xazd, = = a“Oppxf",
(3.4.9)
dr d d dn 1 1
o2 eam) = arZ (@)Y = (a219 2AT> o (3.4.10)
dy dy dn = " dy
d’T _d 1 A 1 -2 d __.dn 1 .,
by az9,?AT | @' | = | az9, AT %(@)@_ (ad,7AT)0", (3.4.11)
ac _ 4 (PAC) = AC d () an _ %19_%AC @ 3.4.12
dy — dy ~ S ay T\ ’ (3412)
dZC_ d l —% 1) 1 _% d /] d77 _ -1 "
o7 dy az9, 2AC | @' | = | az9, 2AC d—n((b)@—(aﬁbfAC)(D : (3.4.13)
Now, by using equations (3.2.1) — (3.2.5) and (3.2.7) — (3.2.12), equation (3.1.2) becomes
3 1
(axf')(af") — <a219 f) <afz9bf2xf”>
1 o,rB2
s (1 + ) a0, xf"" + gBrOAT + gBcdAC — L axf'.  (3.4.14)
pnf )4 pnf

Rearrangement of equation (3.2.14) gives

2

1 onrB
a’x(f)? —axf"f = 'unf( ;) a®9,xf" + gBrOAT + gB PAC — :)f Saxf’  (3.4.15)
Pnf nf
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Dividing through equation (3.2.15) by a?x gives

AT AC 0,¢B2
gPrAT o 9BcAC o 9nrBo
a’x a’x apns

Hns f. (3.4.16)

G = pr =S (1 ) o 4

pnf

On rearranging, we have

2
'unf( 1) —1 "2 " 'g'BTAT 'gﬁcAC O-nfBO /
—|14+-)9 - + + 0+ b — = 0. 3.4.17
Pnf 14 or f "+ s a?x a’x apnr f ( )

By using the viscosity from equations (3.1.11) and density from (3.1.13), it means

Hnp (1+8.00 + 130¢2)be B (1+8.0¢ + 130¢>2),ubf
Pnf 1- ¢)pbf + ¢1pnp1 + ¢2pnp2 (1 -+ Pnp1 + ¢, pnpz) Por
Pbr Pbr
B 1+ 8.0¢ + 130¢2 9. = A.D 3.4.18
T (3:418)
1 Pbr 2 Pbr
where
1+ 8.0¢ + 13092
A = gf)n . ¢ D (3.4.19)
1-¢+ =+ ¢, —>
Pbr Pbr

Hence equation (3.2.17) is now rewritten as

gBrAT 0+ gBcAC O — UnfBg

"=0, 3.4.20
a’x a’x apnf / ( )

1
Aty (142 05717 = (P + 7F +

1 AT AC 0w B2
A1(1+)—/)f”’—(f’)2+f”f+gﬁT o+ 9EAC, _ InrBo

"=0. 3.2.21
a’x a’x apnf / ( )

Following the dimensionless quantities defined by Juma et al. (2022), The parameters for thermal Grashof

number, solutal Grashof number, and magnetic field are defined as follows

:gﬁTAT C :gﬁcAC M:UnfBg
a’x ' % a?x '’ apns

G, (3.4.22)

By putting (3.2.22) in (3.2.21), the nondimensional formulation of the momentum equation is expressed in

the following manner

A, (1 + %) "=+ f"f + GO+ Gd — Mf' = 0. (3.4.23)
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The next step is to nondimensionalise the energy equation (3.1.3). This is set in motion by substituting the

similarity variables (3.2.1) — (3.2.5) and their derivatives (3.2.7) — (3.2.13) into equation (3.1.13) and we

have

1

(axf")(0) + ( a2192 f) <a%19b_ fAT) 0’ = ans(ad;FAT)O"

Dy 1 _1 Dy 1 _1 2 Uns 3 _1 2
2 14 5 2 14 5 2 ! 5 2 14
+7 G <a219 AC) P <a219bf AT> 0" + T <<a219bf AT) C) ) + ParC <a219bf xf )

o B (axf?

PnfCp
bf Dr 31919_1x2llnf
aATfO' = aprad, AT 0" + 1T <DBaz95f1 AT @'0" + of (AT ©") ) ML) o} (f")?
Too pnfcp
onrBEa’x?
+ 0 (e, (3.4.24)

By dividing through equation (3.2.24) by aAT,

" ' 19bf DTAT li ? _1 z'unf " f 0 ’
Unf9p7 0" + DR, @'O + T(Q )? W(f )? + :n cpAT (f )’ +f0
~0, (3.4.25)

By using the definitions (3.1.8), (3.1.10), and (3.1.12), then
knpl + knpz—d)(kbf - knpl)
o = knf _ knpl + knp2+¢(kbf - knpl)
;= =
b (pcp)nf (1- ¢)(pcp)bf + ¢1(pcp)np1 + ¢2(pcp)np2

kbf

knpl + kan B d)(kbf B knpl)

_ ks + knpa + P (ks — k1) kor _ 42, (3.4.26)
= —=Qpr 4.
<1 _ ¢ + d)l(pcp)npl n ¢2(pcp)np2) (pcp)bf A3
(pcp)bf (pcp)bf
where

, = knpl + knpz - ¢(kbf - knpl) (3_4_27)

knpl + knpz + ¢(kbf - knpl)’

¢1(pc ¢2(pc
Ay =1-— 1060y + 2 p)"”z, (3.4.28)
(pcp)bf (pcp)bf
kbf
@1 = Gl (3.429)
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Also, using (3.1.11) and (3.1.13), we have

Unf (1+8.0¢ +1309*)ups _ 1+8.0¢ + 13092 B
UfPnf (1 —p+ ¢ pm;l + ¢2 Prp2 )be“bf 1-¢+ ¢y prz;l + ¢, pTZ;Z
(3.4.30)
Hence, equation (3.2.25) becomes

A2 (TDB TDTAT ‘unf O-nfBgaxz

L0+ (=0 + T——(0)? |+ ——— o (f") + —= 77+ fe’

Asg Ap Too s abfpnfcpAT aprOy7 PryCpAT apr9yt

=0, (3.4.32)

Setting the Brownian parameter, thermophoretic parameter, Eckert number, and Prandtl number according
to Juma et al. (2022), as follows;

1Dg D7 AT a’x? Ops
Ny, =—,N; = ,Ec = ,Pr=——, (3.4.33)
abf Tooabf CpAT abf

Equation (3.2.32) now becomes

A nfBg ﬁbf a2x2 ﬁbf
220" + N,@'0 + N,(0")2 + A Ec(f")? + (2 + =L fer
A3 t apnf abf CpAT abf

=0, (3.4.34)

The nondimensional formulation of the energy equation is expressed in the following manner

A,
A_G)” + Np®'0" + N.(0)% + A Ec(f")* + PrEcM(f")* + Prf@’ =0, (3.4.35)
3

The next equation is the concentration equation (3.1.4). On substituting equations (3.2.1) — (3.2.13) into
equation (3.1.4) and it gives

1

-3 DrAC
(axf")(0) + (—a2192 f) <a§19b szc) @' = Dp(adFAC)D" + ;— (ad;FAT)O"

Drad,}ATAC
DBaﬁgflAC o + T—@” +aACfd' =0
-1 " DTﬁb_flAT " ’
Dydyf ®" +——"—0" + f&' =0 (3.4.36)
Setting
1 Dy Dy AT a’x? pf
R , = ,Pr = —, 3.4.37
Sc ﬁbf t T, bef ¢ CpAT r abf ( )

Then equation (3.2.36) become
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1 D9 IAT
o L

< i . "+ fd' =0
Note that
DrO,f AT Dpdpg AT Dy N, 1
Too ToDy Oy N, Sc
And so,
1

o+ Ne 1@"+ ®' =0
Sc N, Sc for=

The dimensionless form of the concentration equation is

N
D + N—t 0" +Scfd' = 0. (3.4.38)
b

Now, turn to the boundary conditions at y = 0. It is clear that » = 0 when y = 0. So, we consider the case

n=0:
(u= W(x)—ax:>axf 0 =ax= f'(0)=1
I
Recall that
knpl + knpz - ¢(kbf - knpl)
kny = kpr = Azkps
knpl + knpz + ¢(kbf - knpl)
and set
1
hpr (19)5
l —
kbf a
then,
1
0'(0) = il ( ) (1-0)= B (1-0(0) 3.4.40
= " ky, a; (3.4:40)
and the final the wall condition is,
C=C,= Cp +0AC =C, » ®AC =C,, — C,, = AC = P(0) = 1. (3.2.41)

At the free stream y — oo, we have n - oo
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u->0=axf'(0) >0 = f'(0)->0
To>Tp= T +OAT > T, 2 OAT>0=>0 >0 (3.4.42)
C—>Cp=>Cpr+PAC—>Cr, > PAT->0=>P >0

ANALYSIS AND DISCUSSION OF RESULTS

4.1 Numerical Solution

The governing equations, expressed in dimensionless form, are given as
1
a1+ ;)f"' =P+ + GO + 6o — Mf' =0,

Az

T O+ N, @0+ N, (0 + Ay Ec (f")* + Pr Ec M (f')* + Pr f@' =0,
3

N
®" +—0" + Sc fd' = 0.
Ny,
With the conditions

f=0 f=1, @’=—%(1—®), ®=1at n=0
f'->0, 650, >0 as N—>x
The dimensionless form of the governing equations is
Uy = Uy,
Uy = Uz,

= —uZ + uzuy + Gouy + Goug — Mu,
3 — = )

A, (1+)1,)

7.'14, = Us,

: _A3 2 2 2

Us = [Nyu,us + N; ué + Ay Ec u5 + Pr Ec M u5 + Pr uyusg],
2

u6 = u7,

N,

3 t .

U, = —N—u5 — Sc uqu,.
b

with the conditions

i
u, =0, u, =1, u5=—A—(1—u4), ug=1 at n=0.
2

u, >0, uy >0, ug—>0 as n - oo.
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The set of nondimensional ordinary differential equations obtained from the governing equations was
numerically computed through the bvp4c function in MATLAB, which employs a collocation method for
boundary value problems. The boundary, conditions at n = 0 and n — oo were incorporated to maintain
accuracy in the computed outcomes. Initial guesses for the solution profiles were carefully chosen to
facilitate convergence, given the nonlinearity of the equations. The solutions for primary velocity (f*”),
secondary velocity (f), temperature (®), and concentration (®) were derived based on the magnetic field
parameter (M), Eckert number (Ec), and nanoparticle volume fraction (®). The simulation relied on an
iterative process to satisfy strict residual tolerances across the entire model. Running multiple iterations
driven by MATLAB's solver drove down the residuals of the system equations and boundaries, establishing
excellent numerical stability for the resulting trends. The baseline parameter values utilized in the
computations are given as
y = 0.10; Gt = 1.00; Gs = 1.00; M = 2.00; Nb = 0.10; Nt = 0.10;

Ec = 0.10; Pr = 4.00; Sc = 0.62; Bi = 0.10; 1, = 10.00;

The thermophysical properties of the nanofluid are also provided in Table 1.

Table 4.1: Thermophysical properties of the nanofluid

p(kg/m3) c,(j/kgK) | k(W/mK) | Source

Fe30, 5200 670.0 6.00 Ly etal., 2021
Fe, O 5242 681 20 Giwa et al., 2021
Blood 1093 3210 0.451 Oke et al., 2023

4.2 Discussion of Results

The numerical simulations generated critical insights into the transport mechanics of the hydromagnetic
hybrid nanofluid. Specifically, the analysis isolates the distinct roles of three core variables: the magnetic
field parameter (M), the Eckert number (Ec), and the nanoparticle volume fraction (®) variables. Shifting
these physical factors directly alters the resulting velocity profiles, temperature distributions, and localized
concentration fields throughout the system. The magnetic field parameter (M) profoundly influences the
system's overall dynamics by introducing a resistive Lorentz force that directly opposes the fluid flow. This
drag creates substantial internal friction, which alters both the localized velocity patterns and the resulting
temperature distribution. As plotted in Figures 4.1 and 4.2, intensifying the magnetic field causes a distinct
decline in the magnitudes of both the primary and secondary velocity profiles. Mechanistically, this
suppression occurs because the interaction between the moving, electrically conducting fluid and the
magnetic field generates an electromagnetic damping effect. This Lorentz force acts as a retarding
mechanism, draining kinetic energy from the system and dampening fluid motion. The observed effect
exists in actual situations which generate beneficial results but simultaneously generates detrimental
effects. The decreased fluid velocity in cooling systems allows the fluid to stay longer near heat exchangers
which could lead to better heat transfer performance. The magnetic field strength creates obstacles for
processes which need fast fluid movement because it affects their operational efficiency in chemical
reactors and mixing systems. Increasing magnetic field strength results in a reduction of fluid velocities but
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the temperature and concentration profiles show opposite behavior according to Figures 4.3 and 4.4. The
observed temperature rises stems from the fluid’s enhanced ability to retain thermal energy. The magnetic
field creates opposition to fluid movement which produces increased heat through the process of viscous
dissipation that occurs within the fluid. The thermal energy which builds up from this process becomes
useful for medical procedures which need exact temperature control in their thermal management systems.
Magnetic field intensification generates a concentration gradient that leads to higher overall solutal
retention across the fluid surface. This localized opposition to flow allows solutes to spread more uniformly,
directly boosting reaction speeds in mass transfer-dependent systems. This effect hits maximum intensity
under peak conditions, proving highly useful for stabilizing electrochemical cells and optimizing chemical
synthesis pathways. In these setups, maintaining precise control over localized concentration gradients is
the determining factor for maximizing chemical efficiency and total yield.

The Eckert number ((Ec)) quantifies the role of fluid viscosity in shaping both temperature profiles and
velocity fields via viscous dissipation. As illustrated in Figures 4.5 and 4.6, there is a clear, direct
correlation between an increasing Eckert number and the acceleration of both the primary and secondary
velocity fields. The observed increase in velocity results from the conversion of kinetic energy into thermal
energy, which enables better fluid flow. The temperature profile shows an increase in temperature values
that match the rising Eckert numbers according to Figure 4.7. The process of viscous dissipation produces
extra heat, which results in higher thermal energy levels within the fluid. The thermal elevation creates
effects which reach past temperature measurement because Figure 4.8 shows that elevated Eckert numbers
lead to increased concentration profiles. The system shows better solute transport because the increased
fluid speed and stronger thermal energy work together to enhance the process.

The flow velocities, together with temperature and concentration profiles in fluid systems, experience
major changes because of the amount of nanoparticles that exist in the solution. As illustrated in Figures
4.9 and 4.10, there is a noteworthy correlation between the nanoparticle volume fraction and the primary
and secondary velocities of the flow. The improved fluid velocity results from nanoparticles, which show
better thermal conductivity properties that enhance energy transfer in the fluid to produce faster fluid
movement. The temperature profile shows an upward trend when the volume fraction of nanoparticles
increases, according to Figure 4.11. The trend shows better heat transfer efficiency because nanoparticles
optimize thermal performance for improved efficiency. The nanoparticles enhance thermal contact between
particles which results in uniform fluid temperature distribution that engineers need for their thermal
management work. The concentration profile shows a decrease in its values when the volume fraction of
the solution increases according to Figure 4.12. The concentration gradient becomes smaller because
nanoparticle concentrations rise which leads to this decrease in concentration. The presence of a higher
volume fraction of nanoparticles tends to favour thermal diffusion over solutal diffusion, thereby disrupting
the conventional concentration distribution.
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The research investigated hydromagnetic flow patterns which occur when iron (11, I11) oxide (Fe;0,) and
iron (I11) oxide (Fe,04) nanoparticles are dispersed in human blood. The research studied how magnetic
field strength and Eckert number and nanoparticle volume fraction affect both flow patterns and
temperature and concentration distribution. The research findings effectively solved all the particular
research questions which were established at the beginning of the investigation. The fundamental equations
which describe hybrid nanofluids behavior were developed through applications of fluid mechanics and
thermodynamics principles. The model consisted of four basic equations which handled continuity and
momentum and energy and concentration behavior and incorporated magnetic field effects and buoyancy
force impacts. The research achieves its first specific goal through the creation of a strong theoretical model
which explains hybrid nanofluid behavior. The governing equations underwent dimensionless
transformation through the application of similarity variables. The method successfully transformed the
system of partial differential equations (PDESs) into ordinary differential equations (ODEs) which allowed
for quick numerical solution methods. The successful conversion of the boundary conditions into
dimensionless form demonstrates the power of similarity transformations in reducing complex, multi-
variable fluid flow problems into streamlined mathematical systems. Simulating the resulting non-linear
ODEs via MATLAB’s bvp4c solver provided a clear mapping of how specific variables dictate fluid
behavior. The numerical data shows that a stronger magnetic field induces a restrictive Lorentz force, which
slows down primary and secondary velocities but drives up localized temperature and concentration
profiles. Viscous dissipation, captured through the Eckert number, injects additional kinetic energy into the
system, raising both fluid velocities and thermal readings while forcing concentration levels upward.
Additionally, the nanoparticle volume fraction serves as a dual-edged variable; it successfully optimizes
velocity and temperature outputs but causes the concentration profile to decline due to dominant thermal
diffusion forces. Rather than just offering theoretical data, these finalized dynamics offer highly practical
insights capable of advancing microfluidic drug delivery in oncology and optimizing high-heat industrial
systems. The research results can help developers create better drug delivery systems and improve magnetic
hyperthermia treatments and electromagnetic pump and cooling system performance.

RECOMMENDATION

The research results together with their scientific and practical value lead to the following recommendations
which will direct upcoming investigations about hybrid nanofluids.

1. Future studies need to analyze hybrid nanofluid behavior through different nanoparticle
combinations which include graphene and titanium dioxide (TiO2) and silver (Ag) and traditional
Fe,05 and Fe;0,. materials. The research needs to study hybrid nanofluid movement through non-
Newtonian fluids because blood displays non-Newtonian behavior when it encounters particular
conditions.

2. The numerical results deliver important information but experimental testing must occur to confirm
the theoretical models. The research team should create laboratory environments which duplicate
the study parameters through magnetic field control and blood-mimicking fluid suspension of
hybrid nanoparticles. The solution of hybrid nanofluid problems will achieve better efficiency and
precision through machine learning and artificial intelligence-based simulations which use
advanced numerical methods.

3. Researchers need to develop optimization models which will determine the best parameter settings
for particular uses of hybrid nanofluids including cooling systems and magnetic fluid seals. The
research will achieve better results through application-specific studies which will focus on
magnetic cooling systems and electromagnetic pumps and drug delivery mechanisms.
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Statement of problem

We considered the generalized Optimal Control problem given below;

T
max(min)J(u) = [ F(t,z1(t), xa2(t), ..., x,(2), w(t)) dt

(1)
subjectto:x’t = gu(t,xa(t),x2(t),....Xa(t),u(t)) (2
X2 = go(t,xa(t),x2(t),....Xn(t),u(t)) (3)
Xn = gn(t,xa(t),x2(t),...,Xn(t),u(t)) (4)
Umin < U< Umax (5)
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where (X1(to),X2(to),...,Xn(to)) = (0,0,...,0)" € R™.

The Hamiltonian of the constrained optimal control problem is written as

H = F(t,a1(t), 22(t), ... za(t), u(t) + > Nigs(t, w1 (8), 22(), ..., 2n(t), u(t),  (6)
=1

and the optimality, adjoint and transversality conditions are expressed below respectively as

OH OF N Z N Jgi

(Optimality) u  ou Lo (7)
: OH OF  ~, O0gi

(Adjoint) A= " or, 2 N o (8)

(Transversality), NT) = 0VYi=1,2...,n (9)

1.2: 6th Order Runge-Kutta Scheme

The 7-stage Runge-Kutta of order 6 (RK6) iterative scheme was considered for the development of the
forward-backward sweep Algorithm for the solution of Optimal control problems!*!l. The RK6 enhances
the level of accuracy of the results of the optimal control problem with the developed algorithm[2,

Ky = hf(ty, xr),

h K
Ky =hf (tk + ?51';,. + ‘1) )

4 4

h K, + K:
Kz =hf (tk + E,IL'L; + %) ;

It —5K5 + 8K.
Kiy=hf(ty+ L ol + 0l 5

2 6

3h K Ko + 4K,
[(5:}1}0 tk‘i’ I:C['kJr ‘1+ 2+ 14 ,

4 8

3h 3Ky +2K5 — Ky + 2K
K¢ =hf tk‘}'—}'l'k‘Jr b2 il ;

4 8

K| — 2K, +4K3 + 4K

K:=hf(t+hx+ il L2 —; 3+ e )

TKy + 32K5 + 12K, + 16 K5 + 16 K4 + TK5
90

Tyl = Tk +

1.3: Forward-Backward Sweep Method

The derivation of the forward-backward sweep requires the discretization of state, control, and adjoint
variables along the knots to<t1 < to < -~ < ty, such that #i = i(to + khy

uf = uy(to + khy and Aji= Mi(to— jh) for te= to+ kh and h = (T — to)/N is the
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Step-length with N number of grid-points.Therefore, for any argument X; in the state vector (
af, @, -+, xh) € R'nd a unit adjoint variable usfor s € {1,2,--- ,m} and the forward sweep of the state

variable using the RK6 method is written as:

K = hg(te, 2% u (k). (10)
h. e, K h
Kz = hga(tr + 1%t e (L + Z)) (11)
Kz =} ARG R AN h
is = hgs(te + 2%+ g( 14 K2), ws(fe + Z))a (12)
h . 1 h
Kis = hgs(tr + 5 :1:;‘ + —(—5]&'2 + 8K3), us(tr + —)) (13)
3h . 37
Kis = hg.- (t,L; -+ Z tL't' + = (]Xl + Ko + 4K .;) ub(t;u -+ J)) (14)
3h 3h
K5 = hge(te + I’ zF f(SKQ + 2K — K4+ 2K5), us(ti + —’)) (15)
Ky = hg- (tk + h,zF + ?(K} — 2K + AK5 + 4Kg), w.(te + h)) (16)
it e TEL 32K 4 12K + 16K + 16K, + 7Ky (17)
i 90 ‘

for the subscript of each argument i=1,2,--- ,n, r =1,2,--- ,m, the counter k = 1,2,--- ,N. and the functions

. . o fj’(ugi ‘%.T)
g, | =1, 2---7 are once continuously differentiable within the time interval [ ° J{ie 5z, € Clto, 7]
and Kiidenoting the dynamical function of the i—th component (argument) and the I-th stage. For the control

oH
characterization, the optimal variable is derived using the optimality condition a«.= 0 such that
wr = min{max{umin, Ur, }, Umaz} (18)
The interpolating polynomial or spline [8] of the control variable us(.) can be computed as the formula;
au(t+ h) + (b — a)u(t)
i b (19)

The control variable for the forward(+) and backward (-) sweep are approximated respectively as follows;

u(tiﬂb}%‘ﬂu(t)

1 a=1,b=4
ah u(t+h)+u(t)
e R G A
311(15—1—.’&)+-u(t) _
——— a=3b=4 (20)
The backward sweep of the adjoint variables using the proposed RK6 method requires the discretization of
the adjoint such that for any argument® € (A1:A2.--- . AL) € ™ with a specific control variable us
attached to each state equation is expressed thus:
. oOH
A= ——(t, N, zi,uy), i=1,2,.... n.
dx; (21)

Deploying the 7-stage RK6 numerical scheme in the discretization of the backward sweep for the adjoint
variables yields the following:
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O H j
K = *ﬁ(tj, AN, us(F)), (22)
. OoH ho K K h N
K = %(thrZ, A; +T,~L-,; +T’ LL.s(t]+Z>)7 (23)
. oOH h 1, . . ; 1, . . h
]&,,'3 == _()—IP('L] —+ Z, )\{ -+ g(]&'| -+ ]—Xz)7 ,’IJ:,{ -+ g([&1 -+ _I:Xg), ’Il,,,-(fj -+ Z)), (24)
. oH h 1 . . P | . . h
IX‘Z‘4 = —a'—lw(t/ —+ 5, Ai —+ 6(-5]&2 -+ 8[&3), IL",; -+ 6(—5}\2 -+ 81‘&3),’&5(1‘::}' -+ 5)), (25)
i oOH 3h 1, . R , 1, . . 3h
[X,,;r, = —a—“(t_] -+ Z, /\Jl -+ g([&'[ -+ IXQ -+ 4[&3), .’L",,{ -+ g([&l -+ _[’\2 -+ 4]&3), 'I.l,,.;(tj -+ T)),
(26)
OH 3h 1 ; 1
[(,,;(; = —C‘;—(tj -+ %, /\]l -+ g(BIXYQ -+ 2}(3 — ]{4 -+ 2[&75), .’If',: -+ g(3]\'2 -+ 2[&73 — I(/l -+ 2](5)’
ox;
ug(t; + 3h4)), (27)
; OH ;o1 ) B 1 ; i )
1&,‘7 = — L (ZLJ —+ lb, Al’i -+ ?([Xl — 2]&2 -+ 4[\3 -+ 41\6)7 xT; -+ ?(]Xl — 2[&2 -+ 4]&3 -+ 4]&(,‘)7
us(t; +h)), (28)
. p h
AT = A 9—6(71{1 + 832K + 12K, + 16K + 16K + TK7). (29)

1.4: RK6 Forward-Backward Algorithm for Optimal Control Problem

Step 1: Initialization Input

zi(tg) =2V, N(N)=0Vi=1,2,--- ,n, T, tog, u.(ty) =ul, Vr=1,2,--- ,m

Step 2: Forward Sweep for state variables

Compute while k=0,1,2,...,N do w7 from equations (10) to (17) respectively and sequentially.
Step 3: Backward Sweep for adjoint variables

Setj =N+ 2—iand compute i * from equations (22) to (29) respectively Step 4: Control Characterization
Compute control within bounds v = min{max{tmin, tr, }, tmaz} for r="1,---,m from equation (18)

Step 5: Termination criteria

If termination conditions are met go to step 6 otherwise step 7

Step 6: Output xi, 4, u%i(Vi,j) and end function Step 7: Return Repeat step 2
2: Numerical simulations: Implementation and Results

Example 1: Considering the optimal control problem below

MinJlul = minf u(e)2 dt,
X (t) = x(t) + u(b), (30)
x(0) = 1, x(1) free.
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The Hamiltonian function H is defined as H = u(t)? +A(t)- (x(t)+u(t)) where A(t) is the adjoint variable (or
costate). Using the optimality adjoint and transversality conditions yields the analytical (exact) optimal
solution below:

x*(t) = e, u*(t) = 0. (31)
The optimal control obtained using the optimality condition, %: 0, is given by
wy = 20
== min Umax, INax Ui *M
- (o (e 42)) -
i ini ince SH =2>0
ascertained to be minimum since 9u? :
. . . . L N() = 2L )
The derived costate equation using the adjoint conditions, a1(t), given by:
Aty=-A(t), AT)=0 (33)

Applying the forward Euler, RK4 and the proposed RK6 forward -backward sweep methods (i.e
RK4FBSM and proposed RK6FBSM respectively) yields the results below.

Tablel: Result of State variable for example 1

AJMS/Apr-Jun 2026/Volume 10/Issue 2

S/IN  Exact Euler RK4FBSM Proposed RK6FBSM
XA Xe |Xa— Xg| xK4 [XA— xK4| xK6 [xA—
XK6|

1.1051709181 1.1111111111 5.9401930000 1.1051708333 @ 8.47000 1.1051709181 0.00000
%1073 x1078 x 100

1.2214027582 1.2345679012 @ 1.3165143100 1.2214025709 @ 1.87300 1.2214027582 @ 0.00000
%1072 %1077 %100

1.3498588076 1.3717421125 2.1883304900 1.3498584971 3.10500x1077 1.3498588076 0.00000
%1072 x10°

1.4918246976 1.5241579028 @3.2333205100 1.4918242401 4.57600 1.4918246977 @ 0.00000
%1072 %1077 %100

1.6487212707 1.6935087808 @ 4.4787510100 1.6487206386 @ 6.32100 1.6487212707 @ 0.00000
x1072 x1077 x10°

1.8221188004 1.8816764232 5.9557622800 1.8221179621 8.38300 1.8221188004 @ 0.00000
x1072 x1077 x10°

2.0137527075 2.0907515813 @ 7.6998873800 2.0137516266 1.08090 2.0137527075 0.00000
x1072 x1076 x10°

2.2255409285 2.3230573125 9.7516384100 2.2255395633 1.36520 2.2255409285 0.00000
x1072 x107® %100

2.4596031112 2.5811747917 1.2157168060 2.4596014138 1.69740 2.4596031112 0.00000
x1071 %1078 %100
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10  2.7182818285 2.8679719908 1.4969016230x10! 2.7182797441 2.08430x10°® 2.7182818285 0.00000

x10°
Table 1: [xa— Xg|, [Xa— Xka|and|xa — Xke| = errors of Euler RK4 & RK6 respectively
Rate of convergences of methods
4000 ¢ —RKAFBSM |
— —RK6FBSM
= 3000 Euler
|
; 2000 _converging to zero
1000
D_ R e e e T e I e e i .a.l
6 8 10
iterations -i
Figure 1: Rate of convergence in 10 iters.
Example 2: Considering the SIS Model with Treatment [9]
T
min C'lu] = ] wil (t) + u?(t)) dt,
0
st:I(t) =p (N —I(t)I(t)— (pu+)I(t) —u(t)I(t) (34)
(35)
10) = lo, 1(T)free. (36)

The Hamiltonian is given by:

H(I(),u(t),A(t)) = w1l (t) + U?(t) + /l(t)(,B(N = 1) I(t) — (L + »)I(t) — u(®)1(t)(37) The optimal control
obtained using the optimality condition, %z 0, is given by

) = )\(t);(t),

= min (umax, max (ulm'n, A()I(t) ))
2 ' (38)

i ini ince 24 =2>0
ascertained to be minimum since .2 — :

I4) — _ OH
The derived co-state equation using the adjoint conditions,)‘ (t) = aI(t), given by:

(1) = —w1= AOBN = 1(t)) = BI(t) = (1 + ») — u(), A(T) =0 (39)

Applying the forward Euler, RK4 and the proposed RK6 forward -backward sweep methods (i.e
RK4FBSM and proposed RK6FBSM respectively) also yields the results in Table 2 below using the
following parameters: f=0.05, n=0.01, y=0.5,N=100, w1=1and T = 1.
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Table 2: Result of State and Control variables for example 2

S/N | Euler convergence Proposed RK6FBSM
Xe Ue xK4 uka xK6 uk6
1 10.0000000000 @ 5.2355651638 10.0000000000 4.5926947060 10.0000000000 4.6363573386

2 8.7650656568 | 4.6326137300 9.5613737942  4.3167361686 9.5464589222 | 4.3768363778
3 8.2556597311 | 4.1600567381 9.4089685710 @ 4.0418362859 9.3440040276  4.1061078144
4 8.1851105244 | 3.7431700492 9.5201882548 @ 3.7594888052 9.3763319652  3.8164326820
5 8.4592147545 | 3.3460084781 9.9038244602 @ 3.4602903181 9.6519009702 @ 3.4992076079
6 9.0673116818 | 2.9449889133 10.6018768364 3.1325900058 @ 10.2060033528 3.1440596831
7 10.0557266500 @ 2.5197980734 11.7007294372 2.7604692418 11.1093962855 2.7374992954
8 11.5303031948 2.0484433716 13.3574883436 2.3201655255 12.4871637697 2.2605946027
9 13.6800933636 1.5026879752 15.8577984930 1.7728678617 14.5571182701 1.6844954512
10  16.8306930352 0.8415968385 19.7510850824 1.0482398348 17.7109254612 0.9609642283
11 21.5547425985 0.0000000000 @ 26.2132226347 0.0000000000 22.7016008493 0.0000000000

Convergence of Methods -Infectious class

8 T T T T
—RK6FBSM

6" RK4FBSM

= —Euler

3

4 ’
of |
0
0 2 4 6 8 10

No. of Iters.

Figure 2: Rate of convergence in 10 iterations.

Example 3: We considered the model on optimal control and comprehensive cost effectiveness analysis
for COVID-19 [2]

T = .
J(uy, usg, ug, 1y) = min / A E+ Aol + AzA+ AyB + - Z Dui(t)| dt
Jo 25 (40)

Subject to the non-autonomous system below
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rd

@B = A= (1—u(t)) "B 5 — (1 — ul(t) — up(t)J4ES — ds,
B = (1 —wy(t) PREE2E3A) G 4 (1 — uy(t) — ua(t)J2ES — (5 + d)E,
ar (1—=7)0E — (d+di +m){,

= 75E — (d+ 72) A,

(22 = (1 —us(t) (V1 B + ol +1p3A) — (ua(t) + ¢) B, 1)

where Ai >0(i= 1,2,3,4). The derived adjoint equations were

4

G = (0 = 2) (1 — ) (535 ) (B + T 4 AT+ R+

(A + I* + A* + R*) + \yd,

Do — — A1+ (M — X)) (1 — ) S (EHHAHE A T8 020

(/\2 — /\1) 1 — Uy — U.QT. 43*8* (5 + d)/\z — /\2(1 — 7)5/\3 — Té)\4 — (1 — 'lt-;})l_,‘“:l‘l/\{-;
ri(;;d . _A2 + (/\1 _ /\2) 1 — )S*((S'+E*+A*+R’?2r224f 1 E* 8 5/1‘))+

(/\2 — Al)(l — Uy — U,zjj 1B 5 ((5 + (11 + ’Yl)A‘; — "‘,ﬂlA — (1 — M3)’l)ﬂ?2/\(j?

%1: —A;—F(Al —/\2)(1—111)8*((5 +E*4I* +I:‘j 5—& (BB oI ))+

(A2 — A1 —uy — uz)ﬁ '_3\"2 + (di + 92) A1 — 12 5 — (1 — uz)ys e,
%ﬁ - (AQ - )\1)(1 - ’”-1)(‘”? 1B F Z,I‘V*‘;B :_144*).':?*)4_

(Ag — Al)(]- — Uy — ?J,B?R—,? —+ )\5(){.,
e — Ay 4+ (A — M) (1 — uy — usl ‘1\9* (ws + @) Nad,

\ dt (42)
while the optimal control characterizations were;
Ao — A E* 45 oI* 4 A B*)S
ui(t) = min {Inax {O. Qo = WAL H T+ AH 4B } .mmax}
Dllz\’
N , (A2 — A 4B*S*
u5(t) = min {max {O, D, N » Udmax (
N (U1 B* + UoI* + 1y A*
uj(t) = min {nlax {0, o E” 1 9ol" +Yad’) } ,’u:;ma,x} ;
Dy
hB* \g
wy(t) = min {max {(), g ‘ } , uzlmax} :
Dy (43)

Simulating with the following parameters £1 = 0.1233;52= 0.0542;43 = 0.0020;54 = 0.1101;6 = 0.1980;7 =
0.3085;d = 1/(74.87 * 365);d1 = 0.0104;y1 = 0.3680;y2 =0;w1 = 0.2574;y> = 0.2798;y3 = 0.1584;¢ = 0.3820
yields the results below.

Table 3: Convergence analysis of State variable (E(t)) for example 3

S/N | Euler RK4FBSM Proposed RK6FBSM
Ee =5 EKA =55 EK6 1=5==)
1 1.5000000000 | - 1.5000000000 1.5000000000
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11 | 1.4586854415 | 2.7646377x107 | 1.4582818367 | 2.7890189%x10° | 1.4581829510 | 2.7953366x103
21 | 1.4194850125 | 2.6987961x107® | 1.4187988721 | 2.7167244x10% | 1.4186243717 | 2.7216273x10°3
31 | 1.3821955578 | 2.6394372x107® | 1.3813219909 | 2.6520393x10% | 1.3810945185 | 2.6556630x10°3
41 | 1.3466385402 | 2.5859736x107% | 1.3456514066 | 2.5942269x10° | 1.3453892655 | 2.5968128x1073
51 | 1.3126570130 | 2.5378496x107 | 1.3116129021 | 2.5425930x10> | 1.3113294894 | 2.5443931x1073
61 | 1.2801128162 | 2.4946384x107® | 1.2790541427 | 2.4967666x10> | 1.2787595421 | 2.4977039x1073
71 | 1.2488168407 | 2.4685349x107® | 1.2477535795 | 2.4713852x10° | 1.2474913995 | 2.4675198x1073
81 | 1.2184644912 | 2.4616005x107® | 1.2173844274 | 2.4656931x10° | 1.2171894367 | 2.4600497x103
91 | 1.1893046217 | 2.3341404x107® | 1.1885613052 | 2.2797627x10*% | 1.1883097475 | 2.2930852x10*
101 | 1.1685184378 | 1.2045593x1073 | 1.1684734094 | 1.2114794%x10° | 1.1676305020 | 1.2714446x10

CONVERGENCE OF E(t) FOR Euler, RK4FBSM & RK6FBS

0 20

40 60 80

no. of iterations (i)

T ml
Euler

= RK4FBSM "7“
—RK6FBSM 4

Convergence of B(t) with Euler, RKAFBSM & RK6FBSM

==RKFBSM
= -RK6FBSM

Euler

0 20 40

60 80 100

no. of iters. (i)

Fig. 3: Convergence of E(t) in 101 iterations. Fig 4: Convergence of B(t) in 101 iterations.

DISCUSSION OF RESULTS

In example 1, the rate of convergence of the 3 methods: Euler, RK4 and Rk6 were compared on the state
variable as demonstrated on table 1. It was discovered that the rate of convergence of the RK6 compares
favorably with RK4 with higher level of accuracy after 10 iterations. In similar manner, Table 2 and 3
were used to compare the Iterates for the Euler, RK4 and RK6 forward-backward sweep methods on the
state variables of examples 2 and 3 respectively. Figures 2, 3 and 4 were used to illustrate the rate of
convergences which shows that the RK6FBSM performs excellently well although the computational
efforts is more in terms of rigors of coding and process time.

CONCLUSION

The adaptation of the 6th order Runge-Kutta forward-backward sweep algorithm for solving generalized
optimal control problems with bounded control arrives at an accurate result at a faster rate of convergence
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compared to the Runge-Kutta of order four (RK4), due to its stability and higher numerical order of
convergence. This adaptation is essential for handling mathematical models with large number of non-
linear dynamical equations. Therefore, the sixth order Runge-Kutta forward-backward sweep algorithm
seeks to provide a more effective and efficient method due to its speed, accuracy, higher rate of
convergence, suitability and versatility for real-time or practical applications such as the Epidemiological
and general Biomedical models (see MATLAB code in Appendix).
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